In this paper, we will consider a cosmological model with two topological transitions of the space. The smooth 4-dimensional spacetime of the model admits topological transitions of its 3-dimensional slices. The whole approach is inspired by a class of exotic smoothness structure on S 3 × R. In particular, this class of smoothness structures induces two topological transitions. Then, we are able to calculate the energy scales as associated to these topological transitions. For the first transition we will get the value of the GUT scale and the energy of the second transition is at the electroweak scale. The topology of of the exotic S 3 × R determines both, the energy of the scales by certain topological invariants, and the existence of the right-handed sterile neutrino. It is the input for the seesaw mechanism. Secondly, based on this model, we are able to calculate the neutrino masses which are in a very good agreement with experiments. Finally, we will speculate, again based on topology, why there are three generations of neutrinos and an asymmetry between neutrinos and anti-neutrinos.
I. INTRODUCTION
The problem of fermion masses is one of the most fundamental issues unresolved so far in the extensions of the standard model of elementary particles (SM). To understand the neutrino masses and the mixing of the neutrinos is a particularly important ingredient of the problem. So far, Neutrinos are the only fermions which are neutral with respect to the electric as well color charge and they can admit masses. One of the accepted mechanisms for explaining the small (Dirac) masses of neutrinos is the seesaw mechanism (see for instance [12, 13, 17] and the recent paper [14] with a more complete bibliography) which postulates a heavy right-handed Majorana neutrino.
Let us briefly discuss generalities of the simplest seesaw mechanism of type I and how it fits in the proposed cosmological model based on exotic S 3 × R. In the minimal SM a neutrino is represented by a Weyl spinor χ which belongs to the lepton isospin doublet L = χ ψ . It is left-handed and massless, ψ is the corresponding left-handed charged lepton. In SM, there are 3 generations of leptons and each of their neutrinos are represented by doublets as above.
Let now any left handed neutrino χ be a part of the doublet χ η where η be a, postulated so far, right-handed neutrino (Weyl spinor). It is a singlet under weak isospin and thus does not interact weakly (sterile neutrino). Possible mass terms are then generated by the following quadratic form
B ′ has to be set to zero because it produces a nonrenormalizable term. Thus the neutrino mass matrix reads
However, M is forced to vanish by symmetries of SM. The usual way to introduce it will go through Yukawa-like interactions with the Higgs field. These interactions will generate Dirac masses and M can be non-zero. The value of M is thus naturally of the order of the vacuum expectation value of the Higgs field given by 246 GeV or of the Higgs field mass of order 126 GeV. Now the value of B is not fixed by the SM interactions since the right-handed neutrinos are sterile and uncharged under any SM gauge symmetry. Hence B is a free parameter. Choosing M ≪ B the mass-matrix eigenvalues read
so that λ 1 is the mass of the right-handed neutrino and λ 2 represents the mass of the left-handed neutrino.
In the unbroken phase one has B = 0. But B becomes large around the scale of the spontaneous symmetry breaking via Yukawa interactions with the Higgs field. An increase of the scale B will induce smaller masses of the left-handed neutrinos. Therefore one usually choose the GUT scale of order 10 15 GeV. The problem of this approach is the existence of two independent scales, GUT and electroweak scale. The large size of B is connected with the GUT scale which guarantees that the Dirac masses of the left-handed neutrinos are sufficiently small. But neutrinos carry no color and electric charge, i.e. the next natural scale must be the electroweak scale.
In this paper we will address the question whether the existence of both scales can be uniquely determined by a cosmological model. We show that indeed it can. The method of building the model is based on the topological and geometric properties of the smooth cosmological evolution represented by the exotic S 3 × R which inherits the smoothness from the ambient exotic R 4 . So thus the scales appear as topologically supported quantities which fix the value of the parameter B into the GUT energy scale. Moreover, the existence of the right-handed neutrino is also the effect of the topology change. The realistic value of the Higgs mass is assigned with the second topology change which indicates the electroweak scale. Hence electroweak and GUT scales are not independent but rather determined by deep topological properties of the model.
The main part of the paper is the description of the topological constructions showing how to translate (a part of) physics of SM into the intrinsic topology of a 4-dimensional exotic spacetime. We show that fermions, right-handed neutrinos, Higgs field and finally the GUT and electroweak energy scales all this have their natural topological counterparts in the cosmological model of our exotic S 3 × R. It is an amazing fact of this model that the numbers following from the topology are realistic and serve as an input for the seesaw mechanism to generate the neutrino masses.
II. BASIC MODEL
In this section we will describe the basic topological model of this paper. The whole model was described completely in [6] where it was used to calculate the cosmological constant. In short, the model postulates:
• the spacetime is topologically S 3 × R but not smoothly
• there two transitions
The first transition from the 3-sphere to the Brieskorn sphere
and a second transition from Σ(2, 5, 7) to the sum of two Poincare spheres
The model was completely described in [6] and partly in [8] . The relevant properties do not depend on the particular smoothness structure of S 3 × R but the so-called standard smoothness structure is ruled out (there is no topological transitions in this structure). The details of the model will be described now but the reader can also skip the rest of the section to keep only the two facts above in mind. but non-diffeomorphic to the standard smooth R 4 . The standard smoothness is distinguished by the requirement that the topological product R × R 3 is a smooth product. There exists only one (up to diffeomorphisms) smoothing, the standard R 4 , where the product above is smooth. There are two types of exotic R 4 : small exotic R 4 can be embedded into the standard S 4 whereas large exotic R 4 cannot. In the following, an exotic R 4 , presumably small if not stated differently, will be denoted as R 4 . In cosmology, one usually considers the topology S 3 × R for the spacetime. But by using the simple topological relations
In the following we will denote the exotic S 3 × R by S 3 × θ R to indicate the important fact that there is no global splitting of S 3 × θ R into S 3 -slices or it is not globally hyperbolic. This fact has a tremendous impact on cosmology and therefore we will consider our main hypothesis: MainHypo: The spacetime, seen as smooth four-dimensional manifold, admits an exotic smoothness structure. This hypothesis has the following consequences (see [6] ):
• Any R 4 has necessarily non-vanishing Riemann curvature. Also the S 3 × θ R has a non-vanishing curvature along the R−direction.
• Inside of R 4 , there is a compact 4-dimensional submanifold K ⊂ R 4 , which is not surrounded by a smoothly embedded 3-sphere. Then there is a chain of 3-submanifolds of R 4 Y 1 → · · · → Y ∞ and the corresponding infinite chain of cobordisms
• R 4 and S 3 × θ R embeds into the standard R 4 or S 4 but also in some other complicated 4-manifolds. The construction of R 4 gives us a natural smooth embedding into the compact 4-manifold E(2)#CP 2 (with the K3 surface E(2)) (see [8] ).
But every subset
, is surrounded by a 3-sphere. This fact is the starting point of our model. Now we choose a Planck-sized 3-sphere S 3 inside of the compact subset K ⊂ R 4 . This is the initial point where our cosmos starts to evolve. By the construction of R 4 , as mentioned above, there exists the homology 3-sphere Σ(2, 5, 7) inside of K which is the boundary of the Akbulut cork for E(2)#CP 2 . (see chapter 9, [11] ). If S 3 is the starting point of the cosmos as above, then S 3 ⊂ Σ(2, 5, 7). But then we will obtain the first topological transition
inside R 4 . The construction of R 4 was based on the topological structure of E(2) (the K3 surface). E(2) splits topologically into a 4-manifold |E 8 ⊕ E 8 | with intersection form E 8 ⊕ E 8 (see [11] ) and the sum of three copies of S 2 × S 2 . In this topological splitting
the 4-manifold |E 8 ⊕ E 8 | has a boundary which is the sum of two Poincaré spheres P #P . Here we used the fact that a smooth 4-manifold with intersection form E 8 must have a boundary (which is the Poincaré sphere P ), otherwise it would contradict Donaldson's theorem. Then any closed version of |E 8 ⊕ E 8 | does not exist and this fact is the reason for the existence of exotic R 4 . To express it differently, the R 4 lies between this 3-manifold Σ(2, 5, 7) and the sum of two Poincaré spheres P #P . We analyzed this spacetime in [4] . It is interesting to note that the number of the S 2 × S 2 components must be three or more otherwise the corresponding spacetime is not smooth! Therefore we have two topological transitions resulting from the embedding into E(2)#CP 2
These two topological transition are the main idea of this work. An obvious idea will be the mapping of the two transitions to the two different energy scales:
• S 3 → Σ(2, 5, 7) which must be related to the GUT scale, between 10 3 and 10 4 lower then the Planck scale and
• Σ(2, 5, 7) → P #P related to the electroweak scale 246 GeV or to the Higgs mass 126 GeV.
We will show in the next section that the energy scales of the transition are consistent with this idea.
III. ENERGY SCALES AND TOPOLOGICAL TRANSITIONS
In this section we will show how the change of the energy scale is driven by the topological transitions
Both transitions have different topological descriptions. The first transition S 3 → Σ(2, 5, 7) can be realized by a smooth cobordism, i.e. by a smooth 4-manifold M with boundary ∂M = S 3 ⊔ Σ(2, 5, 7). But dimension 4 is special and one needs an infinite process to realize this transition, called a Casson handle. In [6] we described this situation extensively. In particular, we obtained a scaling formula between the length scale a 0 of the 3-sphere S 3 and the length scale a of Σ(2, 5, 7):
where CS(Σ (2, 5, 7) ) is the Chern-Simons invariant of this manifold. In [5] , we also derived this formula by relating it to the levels of the tree representing the Casson handle. By using the shortening
we obtain
or the nth level will contribute by the term ϑ n n! to the change of the length scale. The Casson handle is directly related to the topology change. Therefore, it is plausible from the physics point of view to identify the level number n with the time coordinate. Now we will determine the smallest time change △t, i.e. the time step where one can notice a change. Then we are able to determine the corresponding energy change △E. Here, the energy scale as represented by an energy change ∆E is related to a time change by the well-known relation ∆t ∼ h/∆E. The reason is plausible: the smallest time change is also the time scale for fluctuations which can be assumed to be quantum fluctuations. The corresponding energy change will be representing the energy scale of the change.
Therefore we are enforced to determine the shortest time change. But this change must agree with the number of levels in the tree of the Casson handle where the topology change appears. Therefore we have to ask how many levels are necessary to get the a topology change. In [9] Freeman answered this question: three levels are needed! Then if we assume that the shortest time scale of one levvel is given by the Planck time t P lanck then we will get for the smallest time change
so that we will obtain for the energy scale
For the transition S 3 → Σ(2, 5, 7) we have the values CS(Σ(2, 5, 7)) = 9 280 , ϑ = 140 3 , ∆E GUT ≈ 0.67 · 10 15 GeV and we will obtain the first energy scale to be of order B ≈ 10 15 GeV which is the GUT scale.
As described in [6] , for the second transition Σ(2, 5, 7) → P #P , we need a different argumentation. As shown in [4] , this transition cannot represented by a smooth cobordism (a smooth 4-manifold with boundary P #P ⊔ Σ(2, 5, 7)). But we are able to get a smooth 4-manifold by adding three hyperbolic 3-manifolds (see [4] for an explanation). Here we will need all levels of Casson handles to realize the transition in contrast to the previous transition. As argued in our previous work [3] , these hyperbolic 3-manifolds can be physically interpreted as matter.
But the adding of three hyperbolic 3-manifolds has one effect: now one needs three different Casson handles for the transition. To express it differently: From the physics point of view, we have three channels for the change Σ(2, 5, 7) → P #P . The time change △t of this change will be determined by one channel, in contrast to the scaling of the length where one needs the whole expression (see [6] ). Therefore we have to modify the usual exponent we will get for the time change of both transitions
where we use (2). Then we will obtain for the corresponding energy scale
and we will identify this value with the second energy scale. Now we have fixed the two energy scales for the seesaw mechanism. But one ingredient is missed: which structures describes the usual left-handed neutrino and how did we get the very massive right-handed neutrino (sterile neutrino). These question will be adressed in the next section.
IV. FERMIONS AND KNOT COMPLEMENTS
In this section we will discuss the topological reasons for the existence of fermions. In our previous paper [3] we obtained a relation between an embedded 3-manifold and a spinor in the spacetime. The main idea can be simply described by the following line of argumentation. Let ι : Σ ֒→ M be an embedding of the 3-manifold Σ into the 4-manifold M with the normal vector N . A small neighborhood
Furthermore we identify Σ and ι(Σ) (ι is an embedding). Every 3-manifold admits a spin structure with a spin bundle, i.e. a principal Spin(3) = SU (2) bundle (spin bundle) as a lift of the frame bundle (principal SO(3) bundle associated to the tangent bundle). There is a (complex) vector bundle associated to the spin bundle (by a representation of the spin group), called spinor bundle S Σ . A section in the spinor bundle is called a spinor field (or a spinor). In case of a 4-manifold, we have to assume the existence of a spin structure. But for a manifold like M = S 3 × R, there is no restriction, i.e. there is always a spin structure and a spinor bundle S M . In general, the unitary representation of the spin group in D dimensions is 2
[D/2] -dimensional. From the representational point of view, a spinor in 4 dimensions is a pair of spinors in dimension 3. Therefore, the spinor bundle S M of the 4-manifold splits into two sub-bundles S ± M where one subbundle, say S + M , can be related to the spinor bundle S Σ of the 3-manifold. Then the spinor bundles are related by S Σ = ι * S + M with the same relation φ = ι * Φ for the spinors (φ ∈ Γ(S Σ ) and Φ ∈ Γ(S + M )). Let ∇ M X , ∇ Σ X be the covariant derivatives in the spinor bundles along a vector field X as section of the bundle T Σ. Then we have the formula
with the embedding φ → 0 φ = Φ of the spinor spaces from the relation φ = ι * Φ. Here we remark that of course there are two possible embeddings. For later use we will use the left-handed version. The expression ∇ X N is the second fundamental form of the embedding where the trace tr(∇ X N ) = 2H is related to the mean curvature H. Then from (5) one obtains the following relation between the corresponding Dirac operators
with the Dirac operator D Σ on the 3-manifold Σ. This relation (as well as (5)) is only true for the small neighborhood U ǫ where the normal vector points is parallel to the vector defined by the coordinates of the interval [0, ǫ] in U ǫ . In [7] , we extend the spinor representation of an immersed surface into the 3-space to the immersion of a 3-manifold into a 4-manifold according to the work in [10] . Then the spinor φ defines directly the embedding (via an integral representation) of the 3-manifold. Then the restricted spinor Φ| Σ = φ is parallel transported along the normal vector and Φ is constant along the normal direction (reflecting the product structure of U ǫ ). But then the spinor Φ has to fulfill
in U ǫ i.e. Φ is a parallel spinor. Finally we get
with the extra condition |φ| 2 = const. (see [10] for the explicit construction of the spinor with |φ| 2 = const. from the restriction of Φ). The idea of the paper [3] was the usage of the Einstein-Hilbert action for a spacetime with boundary Σ. The boundary term is the integral of the mean curvature for the boundary, see [1, 2] . Then by the relation (8) we will obtain
using |φ| 2 = const. As shown in [3] , the extension of the spinor φ to the 4-dimensional spinor Φ by using the embedding
can be only seen as embedding, if (and only if) the 4-dimensional Dirac equation
on M is fulfilled (using relation (6) ). This Dirac equation is obtained by varying the action
In [3] we went a step further and discussed the topology of the 3-manifold leading to a fermion. On general grounds, one can show that a fermion is given by a knot complement admitting a hyperbolic structure. The connection between the knot and the particle properties is currently under investigation. But first calculations seem to imply that the particular knot is only important for the dynamical state (like the energy or momentum) but not for charges, flavors etc. But some properties can be derived from the approach above:
• The construction of the 4-spinor Φ by (10) gives us a fermion of fixed chirality. Currently we know only of one possible particle, the neutrino.
• A Dirac operator over Σ is strongly related to this manifold, i.e. a local diffeomorphism cannot change the operator. But there are diffeomorphisms which are not connected to the identity or the diffeomorphism group is not connected. The mapping class group, the group of connection components for the diffeomorphism group, labels the different Dirac operators on Σ (see also [7] ).
Even the last point has a strong impact on the model. Now we will consider the case that the diffeomorphism group Dif f (Σ) having two disjoint components, i.e. π 0 (Dif f (Σ)) = Z 2 . The group π 0 (Dif f (Σ)) is known as mapping class group. In this case, one has two different Dirac operators on the 3-manifold Σ which can be combined in a single 4-dimensional Dirac operator. In case of the neutrino, one would obtain a left-handed and a right-handed neutrino. Keeping this fact in mind, we will look at the first transition
and the mapping class is known to be[18]
Interestingly, the second transition Σ(2, 5, 7) → P #P leads to P #P having a trivial mapping class group [19] π 0 (Dif f (P )) = 1 .
Therefore we have the following picture:
• At the end of the first transition S 3 → Σ(2, 5, 7), there is a left-handed neutrino and a right-handed neutrino.
• The right-handed neutrino is caused by the first transition. Therefore the mass of the right-handed neutrino must be proportional to the energy scale of the first transition which is the GUT scale (see 3).
• The left-handed neutrino is not connected with a special transition. Then this mass must be (much) smaller.
For the calculation of this small mass we will use the seesaw mechanism as described in the next section.
V. SEESAW MECHANISM
Now it is time to join the topological approach with the seesaw mechanism to generate the neutrino mass. So, let us present an overview of this approach
• Fermions are given by hyperbolic knot complements represented by a 3D spinor. The corresponding 4D spinor is chiral and given by the embedding (10). The corresponding particle, the neutrino, must be left-handed.
• In the first transition, S 3 → Σ(2, 5, 7), a right-handed neutrino is generated because of a nontrivial mapping class group (13) . It is strongly connected with this transition. The energy scale is given by (3) which gives B ≈ 0.67 · 10 15 GeV .
• In the second transition, Σ(2, 5, 7) → P #P , we have only the left-handed neutrino. The energy scale can be expressed by (4) giving approximately M ≈ 63GeV . and we will obtain for the neutrino mass
The sum of the three neutrino masses is constrained by the results of the PLANCK mission. If we assume three identical masses we will get for the sum 0.018eV . The PLANCK mission determined only an upper value of 0.12eV for the sum in very good agreement with our result. manifold or this difference is given by a topological invariant (so-called A-roof genus). In our case, one obtains
and one has an asymmetry between the neutrinos and anti-neutrinos, because the number of possible solutions are different. Interestingly, the difference is given by the number of E 8 factors in the splitting (1) of E(2)#CP 2 . Currently we have no idea to quantify this difference to get in contact with current measurements.
As we have already mentioned many details like in the generation of Higgs mass via topology must be worked out. It is ongoing work on this topic. The entire approach relating topology in dimension 3 and 4 and physics of SM is by no means exhausted, it is rather at its initial stage. It is surprising indeed how direct and deep connections of topology and physics can be worked out and how many deep connections are presumably hidden.
